The deformation of skis and the contact pressure between skis and snow are crucial factors for carved turns in alpine skiing. The purpose of the current study was to develop and to evaluate an optimization method to determine the bending and torsional stiffness that lead to a given bending and torsional deflection of the ski. Euler-Bernoulli beam theory and classical torsion theory were applied to model the deformation of the ski. Bending and torsional stiffness were approximated as linear combinations of B-splines. To compute the unknown coefficients, a parameter optimization problem was formulated and successfully solved by multiple shooting and least squares data fitting. The proposed optimization method was evaluated based on ski stiffness data and ski deformation data taken from a recently published simulation study. The ski deformation data were used as input data to the optimization method. The optimization method was capable of successfully reproducing the shape of the original bending and torsional stiffness data of the ski with a root mean square error below 1 N m 2 . In conclusion, the proposed computational method offers the possibility to calculate ski stiffness properties with respect to a given ski deformation.
In competitive skiing, racers aim at carved turns with minimal lateral skidding and low frictional forces to achieve fast run times. Ski-snow friction and skidding are influenced by the deformation of the skis, the contact area, and the contact pressure between the skis and the snow (Colbeck, 1994; Heinrich et al., 2010) In several previous studies, numerical models were used to calculate the deformation of the skis (bending deflection and torsion), the contact area, the contact force and the contact pressure between skis and snow during turns in alpine skiing. The calculations were based either on multibody dynamics (e.g., Mössner et al., 2009; Nordt et al., 1999) , the method of finite elements (Federolf et al. 2010) or Euler-Bernoulli beam theory and classical torsion theory (Heinrich et al., 2010; Kaps et al., 2001; Renshaw & Mote, 1991) .
In addition, some authors used parameter studies to investigate the effects of certain influencing factors. Heinrich et al. (2010) , for example, analyzed the influence of selected actions of the skier, such as edging and load distribution between the inner and outer ski on the pressure distribution between the skis and the snow. The dependence of the turn radius on edging angle, load on the binding, and snow hardness was investigated by Federolf et al. (2010) . Renshaw and Mote (1991) and Mössner et al. (2009) focused on the effects of a varied bending stiffness distribution of the skis on the mechanical efficiency of the turning ski and the turn radius, respectively.
Parameter studies are an important tool to quantify the influence of varied input data of a numerical model, which pertain to the skier, the ski or the snow, on the ski deformation and the ski-snow contact. However, no scientific study has focused on the optimization of input data with respect to the performance of carved turns. In particular, there is a lack of knowledge on how to set the stiffness properties of the ski to achieve a ski deformation that coincides with a prescribed ski deformation as well as possible. Prescribed values for the ski deformation might be derived from a specific performance criterion, such as the resistance against lateral shearing (Heinrich et al., 2010) or ski stability (De Cecco & Angrilli, 1999) . The purpose of the current study was to develop and subsequently evaluate an optimization method to determine ski stiffness properties which lead to a given ski deformation.
Methods

Ski Deformation
Euler-Bernoulli beam theory and classical torsion theory were applied to model the deformation of an alpine ski (Heinrich et al., 2010; Kaps et al., 2001; Renshaw & Mote, 1991) . The coordinate system was fixed below the binding mounting point of the ski. The x-axis pointed along the longitudinal axis to the tip of the ski, the y-axis along the transversal axis of the ski to the left and the z-axis normal to the running surface of the ski forming a right-handed coordinate system ( Figure  1 ). The ski was modeled from x T , the contact point at the ski tail, to x S , the contact point at the shovel, with varying bending stiffness EI x ( ), torsional stiffness GJ x ( ), width w x ( ), thickness t x ( ) and camber c x ( ) (Figure 1 ). The state equations describing the bending deflection h x ( ) and torsion φ( )
≤ ≤ ) of the ski were given by the differential equations for elastic beam deflection and torsion (Equation 1a) with free boundary conditions (Equation 1b) at x x S = and x T (Heinrich et al., 2010; Kaps et al., 2001) . In Equation (1a), q x h x x ( , , ) ( ) ( ) denoted the total force per unit length and m x h ( , , ) the total torque per unit length acting onto the ski. They were given as the sum of the force and torque per unit length exerted by the skier onto the ski and the force and torque per unit length induced by the ski-snow contact forces. Two types of forces were used to model the contact forces between skis and snow at the contact area: the penetration force f p acting normal to the snow surface and the shear force f s acting parallel to the snow surface. For the penetration forces, a hypoplastic constitutive law was applied incorporating elastic and plastic deformation of the snow at the contact area. The shear force was modeled based on orthogonal metal cutting theory. Further details concerning the model of the ski-snow contact are given in Heinrich et al. (2010) .
Introducing the variables ψ ψ ,
and 
Parameter Optimization
The calculation of the bending stiffness EI(x) and torsional stiffness GJ(x) leading to a given bending and torsional deflection of the ski constitutes an optimal control problem. The optimal control problem was converted into a parameter optimization problem by approximating EI(x) and GJ(x) as spline functions of degree p with k equidistant break points. The spline functions were given in their B-spline representation (Dierckx, 1995) using a set of n B B-spline basis functions N j,p (x) of degree p with corresponding coefficients α j and β j , respectively (Equation 3). For simplicity the same number and kind of basis functions were used to approximate EI(x) and GJ (x) .
The coefficients α α α = ,...,
are the variables of the parameter optimization problem, defined as
In Equation (4), || .|| denotes the Euclidean norm. The components of the vector F represent the difference between any given data of the bending and torsional deflection h i and  i at the positions {x i },i = 1...n, and the calculated bending and torsional deflection h(x i ,α,β) and (x i ,α,β) (Equation 2). Note that h and  are the first and fifth component of the vector y . The data h i and  i are input data of the parameter optimization problem. Simple bounds were included in the parameter optimization problem offering the possibility to restrict the computed bending and torsional stiffness to the range of 0 to an upper bound ub = 1000.
The method of multiple shooting (Bock et al., 2007; Peifer & Timmer, 2007) was applied to solve the parameter optimization problem (Equations 2 and 4). The calculations were performed in Matlab 7.3 (The Mathworks Inc., Natick, Massachusetts, USA). The nonlinear constrained least squares problem was iteratively solved by linearizing the objective and constraint functions (multiple shooting imposed additional equality constraints on the parameter optimization problem) and solving the corresponding linear constraint least squares problem (Matlab routine lsqlin). In the multiple shooting method the differential equations for bending deflection and torsion were numerically integrated using an adaptive step size Runge-Kutta integrator (Matlab routine ode45).
Method Evaluation
For the evaluation of the proposed optimization method bending and torsional stiffness data (Figure 2) and data of the bending and torsional deflection of the outer ski of an alpine skier were taken from the simulation study of Heinrich et al. (2010) . In the observed situation the skier was positioned at the fall line of the turn and only the outer ski was loaded at an edging angle θ 0 = 45o (= angle between the running surface of the ski and the snow surface at the binding mounting point x = 0). The selected bending and torsional deflection data were sampled at n = 300 equidistant grid points and used as input data h i and  i (i = 1,. . . , n) to the optimization. The resulting bending and torsional stiffness values, which were obtained by the optimization, were compared with the original bending and torsional stiffness data. Ideally the optimization method would exactly reproduce the original stiffness data of the skis. To assess the accuracy of the solution of the optimization method the degree of the B-spline basis functions p and the number of break points k used to approximate the bending stiffness EI(x) and torsional stiffness GJ(x) were increased and the root mean square error (RMSE) of the computed stiffness values with respect to the original stiffness data were calculated.
Results
Starting with the initial guess of the bending and torsion stiffness EI(x) = GJ(x) = 100 N m 2 , the shape of the original bending and torsional stiffness could be successfully reproduced using k = 10 and 20 break points and B-spline basis functions of degree p = 1 and 3, respectively. Degree p = 1 corresponds to piecewise linear and degree p = 3 to piecewise cubic functions.
Increasing the number of break points and the degree of the spline functions used to approximate the bending stiffness EI(x) and torsional stiffness GJ(x) increased the accuracy and the smoothness of the computed solution (Figure 3 ). For k = 10 break points and spline functions of degree p = 1 the root mean square error (RMSE) between the reference stiffness data and the computed stiffness values amounted to 7.53 N m 2 (bending stiffness) and 1.00 N m 2 (torsional stiffness), respectively. Larger errors were found at the bending stiffness compared with the torsional stiffness. Maximum absolute errors up to 18.40 N m 2 (26.85%) and 6.58 N m 2 (16.36%) were observed. Using k = 20 break points and spline functions of degree p = 3 to approximate the bending stiffness EI(x) and torsional stiffness GJ(x), the RMSE of the computed stiffness values with respect to the reference stiffness data decreased from 7.53 N m 2 and 1.00 N m 2 to 0.54 N m 2 and 0.28 N m 2 , respectively. Largest differences between the computed stiffness values and the reference stiffness data were found in the first and last subinterval of the spline approximation reaching maximum absolute values of 3.16 N m 2 (6.76%) for the bending stiffness and 2.34 N m 2 (5.83%) for the torsional stiffness at the boundaries x S and x T . The computed bending and torsional stiffness were calculated using k = 10 break points and B-spline basis functions of degree p = 1 (a) and k = 10 break points and B-spline basis functions of degree p = 3 (b). The error shows the difference between the reference and computed stiffness at every 10th grid point (° bending stiffness,  torsional stiffness).
Discussion
In the current study, an optimization method was developed to compute bending and torsional stiffness values, which led to a prescribed bending and torsional deflection of the ski. The ski was modeled as a Euler-Bernoulli beam with varying bending and torsional stiffness, cross section and camber. The model of the ski-snow contact incorporated two types of forces, the penetration force acting normal to the snow surface and the shear force acting parallel to the snow surface (Heinrich et al., 2010) . A parameter optimization problem was formulated and successfully solved by the methods of multiple shooting and least squares data fitting. To the authors knowledge no scientific study focused on the optimization of input data of a numerical model with respect to parameters of the ski-snow contact. In previous studies, only parameter studies were used to study the effect of varied input data on the deformation of the ski and the force distribution along the running surface of the skis during carved turns (e.g., Federolf et al., 2010; Heinrich et al., 2010; Kaps et al., 2001) .
The proposed optimization method was evaluated based on ski stiffness data and data of the ski deformation of the outer ski of a skier taken from the simulation study of Heinrich et al. (2010) . This study was chosen, because the results of the simulation showed a consistent behavior with measurements conducted by Scott et al. (2007) . It could be demonstrated that the optimization method was able to successfully reproduce the shape of the original bending and torsional stiffness data of the ski. In particular, the root mean square error of the computed stiffness values with respect to the original stiffness data could be reduced below 1 N m 2 . Largest absolute errors were observed at the first and last interval (tip and tail of the ski), which indicated that the ski deformation was more sensitive to changes of the ski stiffness in the middle part of the ski than at the ski ends. This was not surprising, because the ski is loaded by the skier at the middle part of the ski.
The benefit of the proposed computational method is that ski stiffness properties can be predicted, thus leading to a desired bending and torsional deflection of the ski. A desired bending and torsional deflection might be derived from certain performance criteria for carved turns in alpine skiing, such as resistance against lateral shearing and low ski-snow friction. A measure for the resistance against lateral shearing is the total penetration area of the ski edge, that is, the projection of the contact area between ski and snow onto a plane normal to the snow surface (Heinrich et al., 2010) . For an elastic forcepenetration relation, the minimum skidding is obtained for a constant penetration depth of the ski edge. For a hypoplastic relation the penetration depth has to be larger in the front part of the ski than in the rear part. Ski-snow friction is minimal if there is no skidding and a constant penetration depth. Knowledge about optimized ski stiffness properties could be used by ski manufacturers in the field of competitive skiing. Here racers aim at carved turns with minimum lateral shearing and low frictional forces to achieve fast run times.
Stability against impacts is known as an important performance criterion in competitive as well as in recreational skiing. If one compares situations with equal total penetration areas, the stability is higher for situations where the penetration depth at the tip and the tail is larger than in the middle part of the ski. A measure of ski stability is given by the second-order moment of the force distribution along the running surface of the ski (De Cecco & Angrilli, 1999) . The presented computational method could be applied to compute those ski stiffness properties which result in a prescribed force distribution along the running surface of the ski. Possibilities are (a) to find a mapping between the force distribution and the bending and torsional deflection of the ski analytically or (b) to numerically derive the bending and torsional deflection corresponding to the prescribed force distribution.
An important restriction of the proposed computational method is that quasi-static conditions between forces exerted by the skier and snow reaction forces have to be assumed. This assumption is well suited for smooth turns, where dynamical effects of the skis, such as vibration and body-generated forces by the skier, are negligible. However, if dynamical effects rise in importance, the assumption of steady-state conditions might be violated. Especially on icy, nonplanar, and poorly groomed ski slopes, dynamical effects such as vibrations of the skis are likely to be induced by the ski-snow contact. In both situations, however, the optimization method might be applied to calculate mean optimum ski stiffness values for certain time intervals, where vibrational effects are less important. These time intervals could refer to single turns, turn combinations or a complete race course. Knowledge of optimum ski stiffness values might be useful for ski constructors as well as skiers.
In conclusion a novel computational method was developed that offers the possibility to calculate ski stiffness properties with respect to a prescribed bending and torsional deflection of the ski. Prescribed values for the bending and torsional deflection might be derived from performance criteria for carved turns.
